MATH 579: Combinatorics
Homework 6 Solutions

Find a closed form for the generating function for the sequence 1, —1,1, —1,1, —1, .. ..

We have a formula for this: Y7, (—1)kz" = p%x

Find a closed form for the generating function for the sequence
0,0,0,1,—-1,1,—1,1,—1,....

We shift the previous problem by 3, via 2% 37, ((—=1)Fa* =37, ((—1)Fa**3 = ﬁ—sx

Find a closed form for the generating function for the sequence Y=, - (Tk — 2)a*
We have 37,o(Th — 2)a* = T3 oo ka® — 2300 2" = Tt — 2155 = e

Find a closed form for the generating function for the sequence 0,1,4,9, 16, 25, .. ..

Note that 2 = 2(5) + £, 50 Ty Bt = F02() + ket = 200 (e
> k>0 ka* = 2(1:;)3 + (1_36;5)2 = (316—363'

. Find a closed form for the generating function for the Fibonacci numbers.

We have F,, = F,, 1+ F,,_o, for n > 2 (and Fy =0, F; = 1). We multiply both sides
by z", and sum over all n > 2. We get F(z) — Fy — Fyz = x(F(z) — Fy) + °F(z),
or F(x) —x = xF(x) 4+ 2°F(z). We solve for F(z), getting F(z) = —%—.
Solve the recurrence given by ag = 0,a; = 1,a, = 4a,_o (n > 2) using generating
functions.

We have a,, = 4a,_o, for n > 2. Multiplying both sides by x™, and sum over all
n > 2. We get A(x) —ap — ayz = 42?A(x), or A(x) — z = 42?A(x). We solve

for A(x), getting A(r) = 1= = = 2x)x(1+2x)' We apply partial fractions, getting
Al) =15 — 1111+2m 1 Zn>0 2"g" — ¢ n>o(—2)"2". Hence a, = 2t —1(=2)m

Solve the recurrence given by ag = a3 = 2,a, = —2a,-1 — Gp—o (n > 2) using
generating functions.

We multiply the relation by 2™ and sum over all n > 2, getting A(x) — ag — a1z =
—2z(A(z) — ag) — 2?A(x), or A(z) — 2 — 2z = —2xA(x) + 4z — 2*A(x). We solve

for A(z), getting A( ) = atts = (?ﬁ? . Applying partial fractions, we get
Alr) = 155 = aap = 6 s0(=1)"a" =43, o(n + 1)(=1)"z". Hence a, =
6(—1)" —4(n+ 1)(—=1)" =2(1 — 2n)(—1)".

Solve the recurrence given by ag = a3 = 0,a, = an_1 + 26,2 + 3 (n > 2) using
generating functions.

We multiply the relation by 2™ and sum over all n > 2, getting A(x) — ag — a1z =
z(A(x) — ag) + 207 A(x) + 3,5, 2", or A(z) = zA(x) + 222 A(z) + 3(:5 — 1 — )

.’E2 "L'2
or A(@)(1 —x—22%) = f,—x Hence A(x) = (171)(13 21)(1+a¢) = %1% + 1j2x - gﬁ -

%ano(_l)nxn + ano oM _ %ano ZE”, SO Gy, = ( l)n + on.
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Count the number of solutions to a + b 4+ ¢ = n in nonnegative integers a, b, ¢, such
that a is a multiple of 3, b < 2, and ¢ > 1. Find a closed form for the sequence, and
compute explicitly the value for n = 20.

Call the desired answers g,, and the generating function G(z) = Y ., g.2". We

3

have G(z) = (1+ 23+ a2+ 2%+ )14z +a?) (242 + 22+ ) = S5 5 12 =
(1fac)2 - ano nz". Hence g, = n, and gy = 20.

Count the number of solutions to a + b + ¢ = n in nonnegative integers a, b, ¢, such
that a is even, b < 4, and ¢ > 1. Find a closed form for the sequence, and compute
explicitly the value for n = 20.

Call the desired answers g,, and the generating function G(z) = Y ., g.2". We
have G(z) = 1+ 22+ 2+ )l +z+ 22+ 23+ 2tz + 2> + 23 +--+) =

mr(br+al +adhat) gty = SRS = P - R i+ =

P’ +2z+4-2 > om0 gt —3(=1)rz"+ Y nso(n+1)z" = 2 +2z+4+1 > nso(—25—

(=1)" + 10n + 10)z™. Hence g, = w for n > 3. For n = 2, we have

92:W—i—lzzFornzl,wehaveglzW—i-Z:l,andlastly

10-0—15—(—1)

for n = 0, we have gy = 1 > +4=0. We also compute gog = 46.

Find the generating function for how many ways there are of making n cents in
change, out of pennies, nickels, dimes, and quarters. Then compute explicitly the
value for n = 111.

Call the desired answers g,, and the generating function G(x) = ano gnx". We
have G(z) = 1 +z+ 22+ 23+ - )1+ 2+ 219 + 25 + )1 + 210 + 220 +
04 )1 +aP 420+ 2+ ) = L Don’t even try to get the
closed form for g,, as most of the roots are complex and messy. Instead, just ask a

computer (like Wolfram Alpha) to compute the power series for this function, out
to the ! term, which has coefficient 307. Hence g;1; = 307.

Consider the recurrence given by ¢y =1, ¢py1 = Y.y ¢ (n > 0). Find a generating
C(x

=g °
Following the hint, we have C(z) 12 = >, 50 ™ D50 2" = D n0(ding 61" 2" =
> ons0(Xig G = 0,50 Caraz™. Multiplying both sides of this expression by z,

T

we have C(z)1% = >, 5oz = C(2) — ¢g = C(x) — 1. Rearranging, we get

Cla)(i —1) = -1 or Cx) = 15 = 5+ 575 = 5 T 3 202" Hence

¢, =271 forn > 1. For n =0, we have ¢g = 1 + 2" = 1.

—

function and a closed form for the sequence. Hint: Consider




